We propose a microwave frequency single photon transistor which can operate under continuous wave probing, and represents an efficient single microwave photon detector. It can be realized using an impedance matched system of a three level artificial ladder-type atom coupled to two microwave cavities connected to input/output waveguides. Using a classical drive on the upper transition, we find parameter space where a single photon control pulse incident on one of cavities can be fully absorbed into hybridized excited states. This subsequently leads to series of quantum jumps in the upper manifold and the appearance of a photon flux leaving the second cavity through a separate input/output port. The proposal does not require time variation of the probe signals, thus corresponding to a passive version of single photon transistor. The resulting device is robust to qubit dephasing processes, possesses low dark count rate for large anharmonicity, and can be readily implemented using current technology.
We propose a microwave frequency single photon transistor which can operate under continuous wave probing, and represents an efficient single microwave photon detector. It can be realized using an impedance matched system of a three level artificial ladder-type atom coupled to two microwave cavities connected to input/output waveguides. Using a classical drive on the upper transition, we find parameter space where a single photon control pulse incident on one of cavities can be fully absorbed into hybridized excited states. This subsequently leads to series of quantum jumps in the upper manifold and the appearance of a photon flux leaving the second cavity through a separate input/output port. The proposal does not require time variation of the probe signals, thus corresponding to a passive version of single photon transistor. The resulting device is robust to qubit dephasing processes, possesses low dark count rate for large anharmonicity, and can be readily implemented using current technology. Electronic transistors-devices where weak electrical signal controls a strong probe from a source-lie at the heart of modern electronics, and has led to vast development of classical computing devices. By analogy, in the realm of quantum computing a similar device was contrived, where a single photon control pulse triggers the transmission of a strong coherent probe, and was named a single photon transistor (SPT) [1] . The operation of the SPT device proposed in Ref. [1] is based on a timedependent control of the drive and a strong atom-photon interaction. In the optical domain single photon transistors along these lines were realized with neutral atoms embedded in an optical cavity [2] [3] [4] , a quantum dot in a waveguide [5, 6] , or an ultracold gas with Rydberg interactions [7, 8] . So far the achieved efficiencies have been limited, but if this is improved, a single photon transistor could represent a powerful tool for coherent state manipulation and quantum information processing [9] . Importantly, a SPT can also serve as efficient single photon detector (SPD), as it amplifies a single photon signal by a large gain.
Recently, a microwave frequency range counterpart of quantum optics-circuit quantum electrodynamics (cQED) [10] -has emerged as a highly promising platform for quantum computation [11] [12] [13] [14] . Based on highquality superconducting microwave cavities combined with Josephson junction-based artificial atoms, it enables a strong light-matter coupling even at the single photon level, and allows studying numerous nonlinear microwave quantum optics phenomena [15] [16] [17] [18] . The development of a simple and efficient single microwave photon detector is still an open question [19] . The suggested realizations include SPDs based on current biased Josephson junctions [20] , catching an inverted time-controlled pulse [21, 22] , transmon chain linked with non-reciprocal elements [23] , and double quantum dot structures [24] . Also, several schemes for cQED-based single photon transistors have been proposed [25, 26] . Ultimately, however these proposals rely on active time-control of the system and input single photon pulse, which complicates the detection process and limits the applicability. Lately such a time dependent protocol based on an impedance artificial Λ atoms was proposed [27] and experimentally realized [28] . This protocol can be extended to perform timeindependent detection [29] if highly anharmonic systems with long coherence time can be constructed.
Here, we propose a single photon transistor which can operate under continuous wave (cw) probe conditions, where a single photon control pulse triggers an avalanche of gain photons. It represents a passive device which does not require signal and probe timing, largely extending its applicability. The proposed device is robust to imperfections and is particularly insensitive to qubit dephasing. The generic idea relies on a three level ladder atom [Fig. 1(b) ], with its lower transition weakly coupled to the first input cavity, and the upper transition strongly driven by a classical source as well as strongly coupled to a second output cavity. A single photon entering the input port transfers the atom to the excited subspace through an impedance matching mechanism similar to Refs. [27] [28] [29] [30] [31] [32] . In the excited subspace, a number of quantum jumps between dressed atom-cavity states leads to an enhanced output signal.
System and Hamiltonian.-As a particular realization of cw microwave SPT we propose a superconducting artificial atom with three states |g , |e , and |f , which is coupled to two separate microwave cavities (modeŝ a 1 andâ 2 ), both connected to input-output waveguide channels with coupling constants κ 1 and κ 2 [see sketch in Fig. 1(a) ]. The qubits should have versatile connectivity [13, 33, 34] and sizeable anharmonicity, making flux [35] and fluxonium [36] qubits desirable. Its lower |g -|e transition is resonantly coupled to a cavity modeâ 1 with a perturbative coupling g 1 , while the upper |e -|f tran- sition is strongly coupled to cavityâ 2 with strength g 2 [ Fig. 1(b) ]. Additionally, the upper levels are driven by a classical qubit drive of strength Ω. The Hamiltonian of the system readŝ
whereĤ sys corresponds to the system Hamiltonian written in the rotating frame as [37a]
Here ω eg , ω fe , ω cav,1 , ω cav,2 denote energy separations between qutrit levels and energies of microwave cavities, sequentially ( = 1). ω s is the single input photon central frequency and ω d is the frequency of the classical drive. σ + mn = |m n| (σ − mn = |n m|) denotes qubit raising (lowering) operator, and σ mm = |m m|.Ĥ wgd,j describes the coupling to the waveguides j = 1, 2 [37a]. The expression forĤ sys assumes infinitely large anharmonicity, which precludes parasitic couplings to other-than-resonant qubit transitions, and we assume long decay/dephasing times for the qubit. These assumptions will be revisited later. Also, in the following we consider zero detuning for the incoming single photon pulse, δ e = δ cav,1 = 0, a resonant microwave drive, δ f = 0, and a cavity resonant to the upper transition, δ cav,2 = 0.
Operational principle.-First, a single photon pulse enters through the input channel, which is loaded by the joint qubit-cavity system with Hilbert space {|g , |e , |f } ⊗ |n 1 ⊗ |n 2 ≡ |m, n 1 , n 2 (m = g, e, f ). In the input stage we consider a weak excitation such that n 1 is restricted to vacuum or a single excitation. Then, the relevant subspace of states contains the ground state |g, 0, 0 , the first cavity excited state |g, 1, 0 , and the subspace {|e, 0, n 2 , |f, 0, n 2 } which we call excited states. Due to the strong couplings g 2 and Ω, the excited states become hybridized, and it is convenient to introduce dressed metastable states. For the lowest cavity 2 occupation with n 2 = 0, 1 this embeds a subspace M = {|1 , |2 , |3 , |4 } (Fig. 1(c) and [37b] ), and higher states can be included analogously. Due to the admixture of the |e, 0, 0 level, each dressed state is coupled to |g, 1, 0 with a modified constant g 1m . Considering g 1 to be perturbative, the coupling of the first cavity to the dressed states M works as an effective decay channel. By controlling the drive strength Ω and coupling parameters, this effective total decay rate Γ set can be made equal to the coupling of the cavity to the first waveguide κ 1 , reducing the system to an impedance matched Λ system attached to a single-sided waveguide [37c] . Such impedance matching (IM) has already proven to be useful for cQED circuits, leading to photo detection [28] , as well as proposals for microwave downconversion [30, 31] and gates for flying qubits [32] . This allows for a full absorption of a single photon pulse by the metastable states, leading to near-unity single photon switching and photon detection without the need for temporally varying control fields.
Once the setting stage to the excited states manifold is completed, the second decay channel κ 2 leads to quantum jumps between the dressed states [ Fig. 1(a) , red dashed lines], where a series of jumps within the full {|e, 0, n 2 , |f, 0, n 2 } (n 2 = 0, 1, .., N 2 ) subspace occur. Radiative jumps between the states lead to a flux leaving cavity 2 through the output port, resulting in an enhancement of the signal. Once the system recovers to the ground state |g, 0, 0 , the SPT duty cycle is finalized. The SPT can thus serve as a highly efficient single photon detector, and corresponds to a microwave version of a single photon avalanche diode.
Input: impedance matching.-First, we characterize the single photon input stage. To define the IM condition analytically we exploit the effective operator theory [38] to estimate the decay rate Γ set from |g, 1, 0 to the metastable states [37d]. Considering g 1 < g 2 , Ω and up to N 2 = 2 photons, we find
which provides a good estimate for κ 2 /g 2 1.5, where the relevant processes happen within the lowest Fock states. The setting rate for smaller κ 2 /g 2 can be derived by increasing N 2 [37d]. To test the IM condition numerically, we exploit the input-output theory for the Hamiltonian (1) by deriving the Heisenberg equations of motion for the system operators, and assuming a weak coherent input. The efficiency of the setting stage is quantified by numerically calculating the reflection coefficient
at the input port. In the simulation a reflection minimum is obtained at the impedance matched setting rate κ 1 = Γ set [ Fig. 2(a) ]. The dotted curve corresponds to the full Heisenberg equation calculation, and the solid curve shows the analytical solution for a reflection coefficient of a waveguide coupled to a Λ system [37c, 39]
with Γ set provided by Eq. (3). The dependence of the setting rate on the classical microwave drive strength Ω allows fine tuning the IM condition. In Fig. 2(b) we show the dependence of Γ set /g 2 on Ω, fixing κ 1 = 0.005g 2 and g 1 = 0.05g 2 . Plotting the setting rate for three different values of κ 2 we can find a value of Ω/g 2 for which IM holds. Output: gain of SPT.-To describe the gain of the transistor, we exploit the Heisenberg equations of motion derived using the input-output relations for two coupling channels combined with a Gaussian-shaped single photon pulse [37e]. For temporal widths of the pulse being larger than τ > κ −1 1 and IM arranged, an incoming single photon excitation is fully transferred to the excited states of the qutrit which are highly mixed with the mode of cavity 2. Averaging the Heisenberg equation with the wave function corresponding to the single photon input |Ψ in , we can extract the intensity of outgoing photons in the second waveguide, â † out,2â out,2 = κ 2 â † 2â 2 ≡ I out,2 . In Fig. 3(a) we plot the temporal dependence of input 1 and output 2 photon numbers. For a long Gaussian pulse containing a single photon [N in,1 = dtI in,1 (t) = 1], we can on average get N out,2 = dtI out,2 photons at the output of the second cavity before the system recovers to the ground state. This represents the gain of the single photon transistor, which describes the effective amplification of the single photon signal. The full counting statistics can be obtained by changing to the wave-function MonteCarlo approach. This confirms that a single input photon leads to numerous emitted photons [37f] .
To investigate the gain we consider the input stage to be completed, setting |Ψ start = |e, 0, 0 , and calculate the occupation of cavity 2 using a density matrix approach, truncating the cavity Fock space at N 2 = 10 excitations. The gain is highly sensitive to the system parameters: cavity 1 to SQ coupling g 1 , microwave drive strength Ω, and output coupling κ 2 . Additionally, these parameters set the optimal (IM) value for the input coupling κ 1 , and thereby the bandwidth of the single photon detector. In Fig. 3(b) we show the gain and bandwidth as a function of the coupling g 1 for varying Ω/g 2 . The plot shows a fast increase of the bandwidth with the coupling constant g 1 , as it sets the rate at which single photons can get to the excited subspace. Reciprocally, this corresponds to a growth of the recovery rate and a reduction of the gain. Thus, there is a trade-off between gain and bandwidth, indicating that a medium g 1 /g 2 ratio is favoured for optimal detection.
The gain and bandwidth dependence as a function of κ 2 is shown in Fig. 3(c) . Choosing g 1 /g 2 = 0.05 and Ω/g 2 = 2 in order to get high input bandwidth, we find that both gain and bandwidth are non-monotonous functions of κ 2 . In particular, we are interested in the region of 0.5 < κ 2 /g 2 < 3, where the gain increases rapidly, while κ 1 is relatively large.
Imperfections.-We now turn to imperfections of the scheme. First, we plot the SPT gain as a function of qubit decay (solid) and pure dephasing (dashed) rate γ [37g] for three values of κ 2 /g 2 [see Fig. 4(a) ]. While strong decay naturally tends to decrease the gain by introducing an extra non-radiative recovery channel, pure dephasing does not influence the gain, thus removing the need for long qubit coherence time, as opposed to e.g. Refs. [26, 27] . We also find that even for larger qubit decay the IM conditions can be always satisfied.
Second, we account for a finite qubit anharmonicity A and introduce the residual qutrit-cavity couplings defined by the Hamiltonian [37h]
and the associated detunings defined by the rotated energy frame ofĤ A = Aσ ee + Aσ ff + Aâ † 1â 1 . Here, the extra terms which couple the ground and the excited states in the absence of a signal photon lead to non-zero dark count rate of the detector.
There are two separate dark count rates induced by the driving of the lower transition in the system as contained in Eq. (2) . The first involves a cycle |g, 0, 0 -|e, 0, 0 -|g, 0, 1 -|g, 0, 0 with emission of a single photon at a rate Γ (s) dark . Importantly, this process does not include radiative transitions within the excited manifold. Thus it is not amplified by SPT, and can be discriminated for large SPT gains. The second process corresponds to ground-to-excited state transitions |g, 0, 0 -|e, 0, 0 -|g, 0, 1 -|e, 0, 1 -|e, 0, 0 happening at a rate Γ (m) dark , which projects the system to the excited manifold, launches a photon avalanche, and needs to be strongly suppressed.
To access the rates directly we find the full counting statistics using the wave function Monte-Carlo approach and study the no-jump evolution of the system [37h], allowing us to estimate the dark count rates for the single and enhanced processes. The results are shown in Fig.  4 (b). Additionally, the steady state dark count rates can be calculated using an effective operator approach [37h], valid for large anharmonicities, which gives
While the simplified analytical result for Γ . Real structure estimates.-For a realistic example we consider a flux qubit where g 2 = 2π × 458 MHz can be attained for an anharmonicity A = 2π × 8.426 GHz and a decay rate γ = 2π × 0.227 MHz [30] . Decreasing g 2 to 2π × 120 MHz, setting κ 2 = g 2 , g 1 = 2π × 6 MHz, and Ω = 2π × 240 MHz gives a gain of 172 photons with 2π × 0.6 MHz bandwidth, enhanced dark count rate of 2π × 660 Hz, and single dark count rate 2π × 14.4 kHz.
Finally, we note that for using the device as a single photon detector the gain photons needs to be measured. For the above scenario with a gain of approximately 200 we estimate that the signal is distributed on ∼ 90 modes. With a heterodyne detection setup this output field can be measured with an efficiency of 95% with only a 0.02 dark count probability and better performance can be achieved at higher gain [37i] . Alternatively the expected signal begins to be within range of calorimetric detection schemes [40] .
Conclusion.-We have presented a scheme for a single photon transistor based on the impedance-matched superconducting circuit, which operates in the cw regime and allows for an on-demand single microwave photon detection. The scheme can realistically lead to an output of several hundred photons, tolerates high pure dephasing rates, and keeps low dark count rates. 
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A. Transformation to the rotating frame
We start with the general Hamiltonian corresponding to a three level artificial atom coupled to two superconducting cavities, which are additionally linked to transmission line waveguides [see Fig. 1 in the main text for the geometry]. It can be divided into the system and waveguide terms. The original system Hamiltonian for large qubit anharmonicity reads:
where ω eg corresponds to the |e -|g energy difference of the qutrit ( = 1), ω fe = ω eg − A denotes the energy distance between |f and |e levels, defined by the anharmonicity of the qutrit levels, A. The energies of the cavities are ω cav,1 and ω cav,2 , correspondingly. ω d refers to the frequency of the classical drive. In Eq. (S1) we have assumed the anharmonicity to be sufficiently large to suppress the classical drive between the |e -|g states, as well as the cross-coupling between cavity 1 (2) and the upper (lower) artificial atomic transition. This restriction will be relaxed in section H of this Supplemental Material.
The Hamiltonian for waveguides j = 1, 2 iŝ
whereb † j,p (b j,p ) denotes creation (annihilation) operator for waveguide mode j = 1, 2 with 1D wavevector p (c = 1). To transform the Hamiltonian to a suitable time-independent rotating frame we use a unitary transformation with the operatorÛ = exp(−iRt), yieldingĤ ′ =Û †ĤÛ −R. We choose the rotation operator aŝ
where ω s corresponds to the central frequency of the incident single photon wavepacket. The reference frame is chosen to eliminate the time dependence of the upper |e -|f qutrit transition due to the drive, and to write the lower |e -|g transition terms as a function of the input photon detuning.
The transformed system Hamiltonian thus reads [also in Eq. (2) of the main text]:
The transformed waveguide couplings read
This choice of rotation frame redefines the coupling such that waveguide modes energies are relative to the input signal and drive frequencies.
B. Diagonalization of the excited states manifold
In order to describe the processes in the excited qutrit levels |e and |f it is convenient to truncate the full Hilbert space of the system to six levels {|g, 0, 0 , |g, 1, 0 , |e, 0, 0 , |f, 0, 0 , |e, 0, 1 , |f, 0, 1 }. In particular we are interested in the excited subspace |Ψ E = (|e, 0, 0 , |f, 0, 0 , |e, 0, 1 , |f, 0, 1 ) T , with the states being efficiently mixed by cavity couplings and the classical drive. The system Hamiltonian projected onto the subspace of excited states can be written in matrix form as
Considering the optimal zero detuning with δ e = δ cav,1 = 0 and δ f = δ cav,2 = 0, the matrix (S6) can be diagonalized in term of dressed states |Ψ M = (|1 , |2 , |3 , |4 ) T . The corresponding energies are:
and the transformation between bare and dressed bases, |Ψ E = P|Ψ M , can be performed using the matrix P which reads:
where α and β are constants defined as
While coherent dynamics within the dressed excited subspace is trivial, cavity 2 decay rewritten in terms of the new dressed states now leads to numerous jump terms between the levels. The original collapse operator for the second FIG. S1: (a) Double side coupled cavity with coupling to waveguides given by rates κ1 and κ2. For κ1 = κ2 an incident beam is always transmitted. (b) A three level Λ atom coupled to a single waveguide through |e -|g transition. Setting the decay rate Γset to a metastable |m equal to the waveguide coupling κ1 = Γset allows impedance matching with full absorption of an incident pulse.
and the possible jump processes are depicted in Fig. 1(c) of the main text. The form of Eq. (S10) implies that a single κ 2 jump event projects the system into superposition of dressed states. Finally, the no-jump evolution associated to the κ 2 jump operator in the excited subspace, which is defined by the −iĈ † κ2,EĈ κ2,E /2 non-Hermitian term, can be rewritten in the dressed state picture as
We assumed the strong coupling regime, Ω, g 2 ≫ κ 2 , which allows neglecting off-diagonal dissipative couplings. The corresponding non-Hermitian Hamiltonian then readŝ
C. Simple introduction to impedance matching
As the important part of the proposed single photon transistor (and detector) relies on the impedance matching (IM) concept, we shall provide a short introduction to IM using a few examples.
Double-sided cavity
The first and the simplest example where impedance matching appears in quantum optical context is a doublesided cavity [see sketch in Fig. S1(a) ]. For this, the system Hamiltonian readsĤ cav = ω cavâ †â , and the waveguide Hamiltonian with couplings iŝ
whereb L,q andb R,q are bosonic waveguide modes and the coefficients f L,q , f R,q denote mirror couplings. Following the standard input-output procedure (e.g. Ref.
[1], Supplemental Material, sec. E2; Refs. [2, 3] ), the Heisenberg equation of motion (EOM) can be derived for the cavity annihilation operatorâ(t), yielding:
where κ 1,2 now describe rates for left and right mirror couplings. The corresponding input-output relations read
withâ in/out,L/R being the input and output modes operators for left-and right-going waveguides. In the following we consider the input signal to enter from the left side and set â in,R = 0. Eq. (S14) can be solved in the Fourier domain to giveâ
Considering a coherent cw input and using relation (S15), the amplitude corresponding to the mean value of the output field â out,L can be found as
where â in,L (ω) ≡ α in,L denotes the amplitude of the cw drive. Finally, the reflection coefficient for the left mirror at zero input signal detuning (ω = ω cav ) can be written as
This shows the absence of reflection for κ 1 = κ 2 , signifying an impedance matched system.
Three level Λ atom
Alternatively to the double-sided geometry, one can consider a three level emitter (atom or superconducting qutrit) coupled to a single waveguide [ Fig. S1(b) ]. This system was shown to allow for full single photon absorption and long-distance entanglement of spin qubits [4] . The waveguide mode is coupled to the |e -|g transition, and can decay to a metastable state |m with a rate Γ set . The system Hamiltonian then reads:
where
, ω e corresponds to the energy of the |e -|g transition, and ω m corresponds to the energy of the metastable level. The corresponding input-output EOMs can be derived similarly to the double-sided cavity case [3] . Additionally, the atomic decay to the metastable state (the |e → |m process) can be introduced to the EOM of an arbitrary system operatorÔ in the form:Ȯ dec =Ĉ †ÔĈ − {Ĉ †Ĉ ,Ô}/2, where the collapse operator for the process isĈ = √ Γ set σ − em , with Γ set being the decay rate. The corresponding system of equations reads:
where we have defined the atom-waveguide coupling rate κ 1 and the input modeâ in , with continuity relation
Considering the weak excitation limit the nonlinear term can be simplified to (σ ee − σ gg )â in ≈ − â in , effectively decoupling Eq. (S20) from the system. Then, for a coherent state input α in e −iωt the outgoing amplitude yields
and the reflection coefficient (or equivalently transmission coefficient in a chiral geometry [5] ) at zero detuning can be written as
showing a vanishing outgoing signal for the impedance matching condition κ 1 = Γ set . Eq. (S24) implies that an incoming signal is fully transformed to an atomic excitation, and due to the |e → |m decay sets the system in the metastable state with unity probability. Finally, we note that the similar conclusion holds if a single state |m is substituted with a set of states M, where probability to decay the atom being in state |M j is given by the branching ratio Γ set,j / j Γ set,j .
D. Derivation of the effective setting rate
The setting rate is defined by the effective rate of going from |g, 1, 0 state to any of the excited states |Ψ E , followed by a quantum jump with the emission of a cavity 2 photon. The corresponding process can be described by an effective jump operator, derived with the adiabatic elimination procedure described in Ref. [6] . The associated collapse operator readsL
whereĤ (NH) E denotes non-Hermitian Hamiltonian for the excited state subspace andV + E is the excitation operator from the ground to the excited subspace. Finally,Ĉ κ2 represents a cavity 2 photon jump within excited subspace.
In the following we prefer to use the bare state basis and do not restrict the Hilbert space to a single excitation, but truncate the cavity 2 Fock space at a level N 2 . The collapse operator acting in the excited subspaceĈ κ2 can then be expanded asĈ
and the non-Hermitian Hamiltonian for the bare excited states at zero detuning reads:
The excitation operator is responsible for the perturbative coupling of |g, 1, 0 to the excited subspace, and is given byV + E = g 1 |e, 0, 0 g, 1, 0|. Finally, using (S25), the setting rate can be calculated as the rate of emitting photons by the decay of cavity 2:
The setting rate can be straightforwardly evaluated by symbolic inversion of the matrix (S27) and vector multiplication, fixing N 2 to a certain value. The number of excitations at which the occupation of second cavity needs to be truncated is mainly defined by the drive frequency Ω and the decay rate of cavity 2, κ 2 . For strong driving Ω/κ 2 ≫ 1 the dressed states become a superposition of states involving larger photons numbers n 2 and the procedure requires using a high value of N 2 . For strong decay Ω/κ 2 < 1 only low photon numbers n 2 are involved, and a lower value of N 2 can be used. First, let us derive results for a truncation at N 2 = 1. This leads to a simple expression:
which is valid for small g 1 and Ω/κ 2 ≪ 1. Going to the two-photon manifold N 2 = 2, the setting rate is modified to
This expression was also given in the main text. Finally, considering three cavity 2 excitations N 2 = 3, one can derive the setting rate
where we have used the definition To find the applicability for the analytical estimates of the setting rate given by Eqs. (S29)-(S31), we plot in Fig.  S2 its dependence on the decay rate of cavity 2, κ 2 /g 2 , together with a full numerical calculation, where we have used an N 2 = 10 truncation. We observe that the simple analytical formula (S29) obtained for a single cavity 2 excitation provides a correct estimate only for large cavity decay rate, κ 2 /g 2 3. However, already for a truncation N 2 = 2 the analytical results give a good Γ set estimate for κ 2 /g 2 1.5 range. Finally, the inclusion of three excitations allows to cover the behavior of Γ set down to a value κ 2 /g 2 ≈ 0.6.
With the results in Eqs. (S29)-(S31) we are thus able to give a good estimate of the setting rate, although with an increase in the complexity of the expression as the range of applicability grows. Importantly, all expressions predict a large degree of tunability with the drive strength Ω. In an experiment this can therefore be used to fine tune the conditions for impedance matching, allowing the complete absorption of an incoming photon to the excited state manifold.
E. Heisenberg equations of motion for single photon input
While most of the relevant information about the system can be obtained from the full master equation, the description of the incident single photon requires the exploitation of the input-output theory [2] . This is conventionally done in the Heisenberg picture and relies on the derivation of Heisenberg equations of motion for system operators using the full system-bath Hamiltonian [Eq. (1), main text], and consequently a treatment of the bath modes as input or output of the actual system.
We start with the rotating frame Hamiltonian of the system coupled to two input-output waveguides:
whereĤ sys corresponds to the coupled qutrit-cavity Hamiltonian given by Eq. (2) of the main text. Here we assume the Markov approximation, implying that κ j is constant over the relevant range of frequencies. Using the input-output theory [1, 2] we can account for external input from the waveguides, deriving the EOM for the system operators in the Heisenberg picture. Namely, the full Heisenberg equation for any system operator readṡ
Taking the explicit form of the system Hamiltonian (S4), for example, the EOM for cavity 1 annihilation operator can be straightforwardly written asȧ
As we are interested only in the single input photon state, it is convenient to truncate the Fock space of the first cavity at the level of single excitation, N 1 = 1. Then, the input process can be described with operators |g, 1, 0 g, 1, 0| ≡σ 11 , |g, 0, 0 g, 0, 0| ≡σ 00 , and |g, 0, 0 g, 1, 0| ≡σ − 10 . Using Eq. (S34) the corresponding EOMs for the input sector can be written aṡ
where last terms of Eqns. (S36)-(S37) describe the coupling to the rest of the system. To get the useful information about the system from the Heisenberg EOMs it is convenient to find matrix elements of the operators over the relevant input wave function [3] . To this end we consider matrix elements of the form Ô ≡ Ψ 0 |Ô|Ψ in , where |Ψ 0 corresponds to the ground state of the atom, cavities and waveguides. The input state |Ψ in is taken to be a momentum space eigenstate of the Hamiltonian written as
where |m, Ø = |m ⊗ |Ø with |m being a qutrit state and |Ø = |0 cav,1 , 0 cav,2 , 0 wgd,1 , 0 wgd,2 being the vacuum state for cavity modes and waveguide modes. C m,n1,n2 are the amplitudes for the atom-cavities states. We consider the artificial atom to be in |g prior to the single photon arrival. α in,1 (k) corresponds to the amplitude of the single photon incident on cavity 1, and we set the analogous term for the second input-output port to zero, α in,2 (k) ≡ 0, implying the absence of input photons coming from the second waveguide. We first consider the matrix element corresponding to input operatorâ 1,in (t). Going to momentum space, this operator can be rewritten asâ in,1 (t) =
Consequently, the relevant matrix element reads
(S39) Assuming Gaussian single photon profile in the frequency domain,
where σ defines the frequency width of a pulse, the Fourier transform in Eq. (S39) reduces to
We recall that in the rotating frame frequency k is shifted by the carrier frequency of the pulse k = k 0 − ω s , thus removing fast oscillatoric time-dependence of the input pulse. It is also convenient to relate the frequency width σ to the temporal width of the pulse τ = 1/(2σ). Next, we write the EOM for the matrix elements describing the input sector. These are given by
where we used the property of single photon input,
Here ρ ij denote elements of the density matrix. Finally, a closed system of c-number equations can be derived for the rest of system operators, leading to master-like equations, supplemented with normalization condition. Using the density matrix equation for the system with incorporated single photon input we can calculate the occupation of cavity 2, and correspondingly the associated photon flux at the output of waveguide 2. This is used to plot Fig. 3(a) in the main text, and confirms perfect mapping of a flying input photon into a system excitation.
F. Wave function Monte-Carlo calculations for single photon transistor statistics
In the previous section we have derived Heisenberg equations of motion which allow to access averaged observables of the SPT system. Next, in order to better understand the operation of the device and determine the counting statistics, it is instructive to use wave function Monte-Carlo (wfMC) calculations [7, 8] . The method relies on the stochastic simulation of the system's wavefunction, accounting for possible quantum jumps inserted according to decay probabilities.
The general procedure for the simulation of the system dynamics is performed in the following way: First, the system HamiltonianĤ sys is truncated at fixed excitation levels N 1 and N 2 , and the creation/annihilation operators are projected onto the corresponding subspaces. The collapse operators corresponding to quantum jumps with emission of photons to the first and second waveguide are given bŷ
The wave function of the system in the Schödinger picture reads
with time-dependent state amplitudes c m,n1,n2 (t) and single photon input part
Next, the system is evolved under the non-Hermitian Hamiltonian given bŷ
where the Schödinger equation for the amplitudes c m,n1,n2 (t) is used together with an input-output treatment of the single photon input [see Ref. [9] and Supplemental Material therein for a discussion of the no-jump evolution]. The jump probabilities for different collapse operatorsĈ j (j = κ 1 , κ 2 ) per infinitesimal time span δt are given by δp j /δt ≡ P j = Ψ(t)|Ĉ † jĈ j |Ψ(t) . The jumps are inserted according to the normalized probabilities P j / j P j . The state after the jump collapses toĈ j |Ψ(t) .
Finally, an issue of high importance is the renormalization of the wave function, required to preserve the norm during the non-Hermitian evolution. As it involves the probability to be in the system's ground state while having an incoming photon in the waveguide, the total wave function norm reads where we have defined the input intensity
Eq. (S49) implies that for t → −∞ the wavefunction is normalized to be in the input state given by second term, while after the interaction it decreases to zero.
Solving the dynamical equations for c m,n1,n2 (t) with the Monte-Carlo procedure for a large number of trajectories N traj allows accessing the averages of any system operatorÔ, with the results converging to the findings with the Heisenberg EOM described before. Additionally, the stochastic wave function simulation strongly resembles real measurement, and allows to extract statistical properties of the outgoing photon flux. In particular, running N traj = 1500 calculations we plot the count distribution of output waveguide 2 photons in Fig. S3 . Each trajectory corresponds to a single cycle of the SPT operation triggered by single photon, which projects the system to the excited states manifold. Here, we deliberately increased the g 1 coupling to decrease the gain, while keeping large bandwidth κ 1 = 0.12g 2 . The Hilbert space is truncated at N 1 = 2 and N 2 = 16. The average number of output photons, being the gain of single photon transistor, is equal to N out,2 = 11.67, with the variance of the distribution ∆N 2 out,2 = 101 largely exceeding the mean. Thus, the source exhibits the super-Poissonian statistics. The second-order coherence function at zero delay for the distribution can be calculated to be g (2) (0) = 1 + ∆N 2 out,2 +Nout,2 (Nout,2) 2 = 1.66 [10] . This corresponds to the mixed statistics, which is in between coherent and thermal source behavior.
As a probability distribution of outgoing photons is an important issue for the operation of SPT in the detector mode, we study its behavior in more details. In particular, we try to access the parameter range corresponding to large transistor gain. In general it is a formidable task. The calculation of the probability distribution requires a huge number of trajectories to access full statistical properties. Additionally, it involves numerical integration up to very long time, which increases dramatically for large gain. Assuming a moderate gain, we use the wave function Monte-Carlo approach with an initial state being a single photon in the excited subspace. Considering parameters g 1 /g 2 = 0.005, Ω/g 2 = 1/2, κ 2 /g 2 = 1, which lead to a gain of N out,2 ≈ 73 photons, we calculate the number of gain photons emitted within a time t traj = 9000g −1 2 . This was found to be sufficiently long to collect 99.7% of gain photons on average. The truncation of Hilbert space corresponds to N 1 = 4 and N 2 = 16. The calculated distribution of counts is shown in Fig. S4 . The analysis reveals an approximately exponential behavior of the distribution, with a modification at the small count region (< 5). We note that full access to the statistical properties is limited given the number of trajectories we simulated. The exponential distribution, however, corresponds to having photons leaving at a constant rate when the system is in the excited subspace combined with a fixed decay rate out of the subspace. It is thus natural to expect this exponential distribution apart from the very beginning, where the system needs a few photon emissions before it reaches a constant emission rate in the excited subspace.
G. Definitions for decay and decoherence processes used in the imperfections analysis
Introduction of artificial atom decay and decoherence terms
In the calculations of the SPT setting and output stage shown in Figs. 2 and 3 of the main text, we considered the qutrit decay to be small compared to the relevant coupling and cavity decay parameters. In Fig. 4(a) we test this assumption by adding both decay and decoherence to the |e -|g and |f -|e transitions. This can be done using the collapse operatorsĈ
where γ eg and γ fe denote artificial atom decay rates for the lower and upper transitions, and γ p,ee , γ p,ff correspond to the pure dephasing rates for the second and third qutrit levels. The collapse operators can be easily implemented into wave function Monte-Carlo calculations by adding extra terms describing |j → |i (j, i = f, e, g) jumps. This causes additional norm decay by − i 2 jĈ † jĈ j , with the index j spanning all possible collapses (S50)-(S53), with the corresponding probability to jump in a time interval δt given by ψ(t)|Ĉ † jĈ j |ψ(t) δt.
For the Heisenberg equations of motion the atomic decay and dephasing terms can be introduced through couplings to additional reservoirs modesĉ j,k andd j,k . The decay of the artificial atom is then described by the Hamiltonian
where the index j = eg (fe) corresponds to the lower (upper) transition. The pure dephasing term emerges from shifts of the energy levels of the qutrit, and is given bŷ
where the index j ′ = ee, ff spans the second and third artificial atom levels. Finally, in the density matrix calculations atomic decay and dephasing are introduced by the Lindblad operator
With these results we thus account for the effect of decay and dephasing of the qutrit. In the main text this was used to calculate the reduction of SPT gain due to qutrit decay [ Fig. 4(a) ]. There the density matrix approach with collapse operators (S50)-(S53) was used. Eqs. (S54)-(S55) were used to include the decay and pure dephasing of the qubit into Heisenberg equations, allowing to check the impedance matching conditions with imperfections.
Rate definitions
To separate the influence of atomic decay channel and pure decoherence effects we consider them individually in Fig. 4(a) of the main text. The solid curves are shown for negligibly dephasing rates γ p,ee = γ p,ff = 0. Here we assume the ratio of qutrit decay rates to be fixed and defined using single parameter γ:
This corresponds to the situation where the system is close to being a harmonic oscillator such that the matrix element for the upper transition is larger by a factor of √ 2. The dashed curves in Fig. 4(a) depict the situation, where the qutrit decay rates are relatively small (i.e. γ eg , γ fe ≪ 10 −4 g 2 ), while the pure dephasing rates are substantial. This type of decoherence is especially relevant for superconducting circuits with large anharmonicity (small charging to Josephson energy ratio) [11] . For the calculations we set γ eg /g 2 → 0, γ fe /g 2 → 0, define
and use γ/g 2 as a dimensionless variable for the plot. (1), (2), and (3). Here, a violet arrow corresponds to a classical drive transition, a thick red arrow denotes cavity 2 associated transition, and a thin blue arrow shows the coupling to the first cavity. The red and black dashed arrows correspond to cavity 2 and cavity 1 decay processes, respectively. The dashed horizontal line represents an anharmonicity of the qutrit. (b) Enhanced dark count process which projects the system to the excited subspace and mimics the arrival of a signal photon. The steps are shown by consequent bullets (1), (2), (3), and (4). The indicated path represents the process leading to the steady state rate Γ
dark,ss , but other processes induced by the sequence in (a) also contribute.
H. Dark count rate
In the previous sections we considered an infinitely large anharmonicity A for the superconducting artificial atom, which allowed us to retain only resonant couplings on the lower and upper qutrit transitions. However, this approximation breaks down if the value of anharmonicity becomes comparable to the coupling parameters. The full Hamiltonian of the system accounting for the finite A can be written aŝ
where we have used that the anharmonicity typically reduces the frequency of the upper |e -|f transition such that its transition frequency is ω fe = ω eg − A. The last three terms correspond to residual couplings arising from the fact that the three-level artificial atom is represented by an anharmonic oscillator. Since the anharmonic oscillator is typically not very far from being harmonic, we have for simplicity fixed the ratio of the transition matrix elements between the lower and upper transitions to be 1 : √ 2, and we set the values of the resonant couplings g 1 and g 2 as a reference.
An important difference between the Hamiltonian (S58) and the one for an infinite A (S1) is given by the residual classical drive of the lower transition |g -|e . This allows for the excitation of the system even in the absence of incoming signal photon, and thus contributes to the dark count rate of the detector. To account for this process, we consider the situation without an incoming single photon and transform the system Hamiltonian to a suitable frame given by rotation operatorR
This transformation yields the time-independent Hamiltonian
where we have defined the small detunings ∆ = ω fe
In the following we consider all detunings to be zero, ∆ = δ 1 = δ 2 = 0, corresponding to resonant driving.
Analytical estimation using effective operators
Assuming the anharmonicity to exceed the classical drive frequency, the Hilbert space of the system can be truncated at the level of single photon excitation (N 1 = N 2 = 1). Analyzing the couplings, the relevant space then corresponds to the states {|g, 0, 0 , |e, 0, 0 , |g, 0, 1 , |e, 0, 1 , |f, 0, 0 , |f, 0, 1 , |g, 1 , 0 }. The effective operator calculation can be performed similarly to Sec. D. In order to distinguish between κ 2 decay processes which project the system into the ground and excited subspaces, we split the jump operatorĈ κ2 into two parts using the projection operators P G = |g, 0, 0 g, 0, 0| + |g, 0, 1 g, 0, 1| and P E = |e, 0, 0 e, 0, 0| + |f, 0, 0 f, 0, 0| + |e, 0, 1 e, 0, 1| + |f, 0, 1 f, 0, 1|. This gives two separate jumpsĈ κ2,G = P GĈκ2 P G = √ κ 2 |g, 0, 0 g, 0, 1| andĈ κ2,E = P EĈκ2 P E = √ κ 2 (|e, 0, 0 e, 0, 1| + |f, 0, 0 f, 0, 1|). We note that this separation into two separate decay processes holds as long as interference between theĈ κ2,G andĈ κ2,E processes is suppressed. This is true once the energy separation between ground and excited states is large (in the rotating frame), and is typically justified due to hybridization by strong drive Ω and large cavity coupling g 2 . However, this approximation can break down, and this may influence the results for the enhanced dark count rate in certain cases.
Finally, the system Hamiltonian for finite anharmonicity (S60) has to be projected onto relevant low-lying states, to giveĤ sys,A,dark . Its non-Hermitian version then readsĤ (NH) sys,A,dark =Ĥ sys,A,dark − iĈ † κ2,GĈ κ2,G /2 − iĈ † κ2,EĈ κ2,E /2. Single dark counts.-The relevant states of the system during an off-duty stage are shown in Fig. S5 , together with possible dark count processes associated to coherent excitation out of the ground state |g, 0, 0 . We identify the most probable dark count process to be the one depicted in Fig. S5(a) . This involves a two-photon Raman transition from the ground state |g, 0, 0 to the excited cavity state |g, 0, 1 through the detuned level |e, 0, 0 , followed by the emission of a photon [steps (1), (2), and (3)]. The effective collapse operator for this dark count process involving a |g, 0, 1 → |g, 0, 0 jump can be written aŝ
where theV
|e, 0, 0 g, 0, 0| operator describes the excitation of the system from the ground state. Notably, as the jump occurs within the ground state subspace, it is not amplified by the classical drive Ω and produces only a single emission event. Thus, we name the process a single dark count. Its rate is given by
The rate (S62) can be straightforwardly computed by inverting the matrix corresponding to the non-Hermitian Hamiltonian, but its full form is too bulky to be presented here. We thus write the result of Eq. (S62) as a function Γ (s) dark,ss (g 2 , Ω, A, κ 2 ) in the following. Its lowest order expansion in powers of A −1 reads:
showing a quadratic drop of the single dark counts with the anharmonicity of the artificial atom. The single dark counts will be a noise source for the operation of the SPT. Fortunately, for reasonably low single count rate and large gain of the system (N out,2 > 50), it will be possible to discriminate these single emission events coming from the classical drive from the avalanche triggered by the source photon. By setting a threshold of a certain minimum signal, the effect of the single dark counts can be eliminated. Alternatively, these single dark counts represent a leakage of the classical drive through the artificial atom. This gives rise to a weak coherent state in the output, which can be removed by interfering them with another coherent state or by offsetting the result of a final heterodyne detection (see the discussion below).
Enhanced dark counts.-A much more severe source of noise are enhanced or multiple dark count where the classical drive induces a transition from the ground state to the excited manifold and triggers an avalanche of photons which is indistinguishable from the avalanche induced by a single incoming photon. We therefore search for the leading order processes in A −1 which leads to the projection of the system into one of the excited states. One such process is shown in Fig. S5(b) and represents a Raman transition to the |g, 0, 1 state [steps (1) and (2)], followed by an off-resonant excitation to |e, 0, 1 by the classical drive [step (3)], and subsequent decay to the excited state |e, 0, 0 [step (4)]. Alternatively, the system may arrive in |f, 0, 0 through a similar process.
The calculation of the enhanced dark count rate proceeds in the same fashion as above, except that the final state is now an excited states so that the effective operator iŝ
The associated steady state rate is Again we only give the approximate expression to lowest order in A −1 which is
Note that this shows a much more favorable quartic decay of the enhanced dark counts with the anharmonicity of the artificial atom. Since A is the largest scale in the problem this mean that the rate will be much lower than the single dark count rate. The rapid decay of the enhanced dark count rate is a major advantage for the SPT since it reduces the most severe type of noise in the system.
Wave function Monte-Carlo calculation
To access the dark count rate numerically we find the full counting statistics of the system taking the ground state |Ψ start = |g, 0, 0 as the starting state in the absence of signal photons. We then simulate the system using the wave function Monte-Carlo technique (see Sec. F and Refs. [7, 8] ). The relevant information about the dark counts is then given by the jump events provided by the groundĈ κ2,G and excitedĈ κ2,E state collapse operators. To illustrate the dynamics, we show a sample of quantum trajectories, whereâ out,2 is monitored [ Fig. S6 ]. Here, black dot bullets correspond toĈ κ2,G = √ κ 2 |g, 0, 0 g, 0, 1| jump events, and dark red bullets depictĈ κ2,E jumps. Following the analysis from the previous subsection, we note the appearance of scattered single dark counts (black), with rare appearances of many-photon dark counts (dark red) coming in groups. To calculate the rates, we perform 
which gives a dynamical contribution equal to the steady state rate described by Eq. (S66), thus providing an analytical multi-dark count rate estimate closer to the numerical simulation. Furthermore, we find that additional dynamical channels depend on the |g, 0, 0 ←→ |g, 1, 0 ←→ |e, 0, 1 coupling, suggesting that processess other than the direct |g, 0, 0 ←→ |e, 0, 0 process shall be considered. Regardless of the exact cause of the dynamical contributions, however, these effects will be a perturbation on the single dark count rate. Therefore the multiple dark count rate will be much lower than the single dark count rate, thus providing an efficient suppression of the most detrimental source of noise. The full description of dynamical dark count processes involves a coupled system of six relevant levels, and in principle shall also include the interference effects between different decay paths, neglected due to the separation of the collapse operatorĈ κ2 . While the latter can potentially change the dark count rate, so that constructive interference could enhance it by a factor of two, or destructive interference could diminish the rate, a full analytical treatment is complicated and a more detailed analysis is beyond the scope of this paper.
I. Single photon detection
In the main text of the paper we describe a reliable way to create the single photon transistor device. It generates an avalanche of gain photons conditioned on the arrival of a single signal photon. Consequently, this process can be used as a single microwave photon detector. Here we describe a possible procedure to achieve efficient detection of the outgoing signal using existing homodyne detection techniques.
The measurement of a signal photon relies on the possibility to detect a large number of gain photons, distributed on different frequency modes. This can conveniently be done using a heterodyne detection scheme [2, 12, 13] . The corresponding process requires the mixing of the outgoing gain photons with an additional coherent microwave drive, acting as a local oscillator (LO) at a frequency ω 0 . The detection of gain photon then depends on the measurement of the difference photocurrent [see sketch in Fig. S8 ]. It is generically given by the relation
